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ABSTRACT: Blind source separation(BSS) has been 
investigated for identifying manufacturing variation 
patterns to track down root causes. We present a 
method for combining different BSS criteria, 
performance and applicability of which depend on 
conditions unknown a-prior. It results in a more 
effective and robust identification than other means of 
criteria combining. 
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1. INTRODUCTION 

 Large amounts of multivariate measurement and 
inspection data are routinely available in many 
manufacturing processes. This creates tremendous 
potential for extracting information regarding the nature 
of process variability, to aid in root cause identification 
and variation reduction efforts. To this end, let x = [x1, 
x2,…, xn]′ denotes a vector of n measured 
product/process variables, and let {xi, i = 1, 2,…, N} 
denote a sample of N observations of x. In order to 
represent the effects of major variation sources on the 
measurement data, we assume the model  
 xi = Cvi + wi, i = 1, 2,…, N (1) 
where C = [c1, c2,…, cp] is an n × p unknown constant 
matrix, vi = [vi1, vi2,…, vip]′ is a random vector 
representing p independent variation sources (typically 
p << n), and wi = [wi1, wi2,…, win]′ is a zero-mean 
random noise vector. The variation pattern vector cj, j = 
1, 2,…, p, characterizes the spatial nature of the jth 
variation source, and {vij, i = 1, 2,…, N} characterizes 
its temporal nature over the sample. Together, cjvij 
represents the effect of the jth variation source on the ith 
multivariate observation. Throughout the paper we will 
drop the observation index i, where convenient. In the 
context of statistical process control, one might view 
the Cv and w terms in (1) as the systematic assignable 
causes of variability and the common causes of 
variability, respectively. Because the focus is on 
variation, rather than mean shifts that are sustained 
across the sample, we assume that the sample mean is 
subtracted from the data. In the model (1), therefore, x 
and v represent deviations from their means.  

 The model (1) is quite broadly applicable in 
manufacturing. Apley and Shi (2001), Apley and Lee 
(2003) and Lee and Apley (2004) used the model to 
represent variation patterns in automobile body 
assembly and crankshaft manufacturing. In one 
application, for example, x represented n ≈ 150 

dimensional features distributed across an autobody, 
and samples consisted of N ≈ 200 separate autobodies 
measured. One of the variation sources (say v1) was due 
to a worn locating element in the assembly tooling. The 
resulting pattern vector c1 represented a translation of a 
particular subassembly with respect to the rest of the 
autobody, and vi1 represented the amount of translation 
for autobody number i in the sample.  

 A large body of related prior work (e.g. Ceglarek 
and Shi 1996; Barton and Gonzalez-Barreto 1996; 
Apley and Shi 1998; Ding, Shi and Ceglarek 2002) has 
assumed the linear model (1), but focused on the 
situation in which one is able to pre-identify a set of 
potential variation sources off-line and pre-model 
(analytically, or perhaps empirically) their effects to 
obtain a known potential C matrix.  

 The objective in this work, like that of Apley and 
Shi (2001), Apley and Lee (2003) and Lee and Apley 
(2004), is quite different. We require neither 
pre-identification nor pre-modeling of the variation 
sources. Given a sample of measurement data {xi, i = 1, 
2,…, N}, the objective is to blindly estimate the number 
of sources p, the C matrix comprised of the variation 
pattern vectors, and the temporal history {vi, i = 1, 2,…, 
N} of the sources. For j = 1, 2,…, p, the estimates of cj 
and {vij, i = 1, 2,…, N} can then be graphically 
illustrated to provide a process engineer with insight 
into the spatial and temporal nature of each major 
source of process variability. This aids in identifying 
and subsequently eliminating (or controlling) their root 
causes, thereby reducing process variability.  

 With this objective, Apley and Shi (2001), Apley 
and Lee (2003) and Lee and Apley (2004) all used what 
can be viewed as forms of factor analysis with principal 
component analysis (PCA) as the first step. Assuming 
the covariance matrix of w is Σw = σ2I for some scalar 
σ, C is of the form Zp(Λp−σ2I)1/2Q for some p × p 
orthogonal rotation matrix Q (Apley and Lee 2003). 
Here, Λp is a p × p diagonal matrix containing the p 
largest eigenvalues of Σx (the covariance matrix of x), 
and Zp is an n × p matrix, the columns of which are the 
eigenvectors corresponding to the p largest eigenvalues. 
Consequently, after performing PCA on the sample 
covariance matrix xΣ̂  to obtain pẐ  and pΛ̂ , the 
problem of blindly estimating C reduces to estimating 
Q and taking QI)Λ(ZC ˆσ̂ˆˆˆ 212 /

pp −= . Throughout the 
paper, the "^" symbol denotes an estimate of a quantity.  
 Blind source separation (BSS) methods are a 
class of methods that use additional statistical 
information to estimate Q. Apley and Lee (2003) 
investigated BSS methods for manufacturing variation 
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diagnosis that use either autocovariance or fourth-order 
cumulants as criteria for finding Q̂ . The use of any 
particular criterion requires certain conditions regarding 
the source distributions to be satisfied in order for the 
sources to be separable. Combining various criteria in a 
single algorithm relaxes the separability conditions and 
can provide an overall improvement in separation 
performance. To this end, Müller, Philips and Ziehe 
(1999) proposed the JADETD algorithm to combine 
autocovariance and fourth-order cumulants. In a certain 
sense to be defined later, their algorithm places equal 
weight on different criteria. Cruces-Alvarez and 
Cichocki (2003) suggested placing different weighting 
on the different criteria to achieve better performance, 
but provided no strategy for accomplishing this. Lee 
and Apley (2004) combined autocovariance and 
fourth-order cumulants via a weighting strategy that 
places more weight on criteria that appear to contain 
more information relevant to separating the sources.  
 The primary purpose of our work is to propose a 
more effective method of combining the various BSS 
criteria for estimating Q. The criteria are combined by 
selecting their relative weighting to directly minimize 
an optimality index that is an aggregate measure of the 
mean square error (MSE) in estimating the variation 
pattern vectors. We demonstrate that the proposed 
method generally provides more accurate blind 
estimation than other methods of combining BSS 
criteria. In particular, because of the manner in which 
the criteria are combined, the performance is relatively 
robust to violations in the conditions under which the 
sources can be separated when the various criteria are 
used individually. Robustness is critically important 
because it leads towards a more broadly applicable, 
black-box approach that requires less user expertise in 
verifying whether the data satisfy the various 
separability conditions.   
 The remainder of this article is organized as 
follows. Section 2 provides background on BSS and 
existing methods of combining BSS criteria. The 
proposed approach for optimally combining the BSS 
criteria to minimize the MSE is introduced in Section 3. 
We illustrate the approach in Section 4 with an example 
from crankshaft manufacturing. In Section 5, we use 
simulation to compare the performance of a number of 
BSS algorithms in a variety of settings. Section 6 
concludes the article. 

2. BACKGROUND ON BLIND SOURCE 
SEPARATION 

 BSS refers to a class of methods to blindly 
recover the source signals {vi, i = 1, 2,…, N} in the 
model (1), based on the observed data {xi, i = 1, 2,…, 
N}. The separation is blind in the sense that no 
knowledge of C is available, other than what can be 
inferred from the same sample of data. Comprehensive 
tutorials on BSS can be found in Cardoso (1998), 
Hyvarinen and Oja (1999), and Cichocki and Amari 

(2002). The elements of v are assumed statistically 
independent of each other, and are scaled to have unit 
variance (without loss of generality, because the 
columns of C can be rescaled accordingly). The noise 
w is often assumed negligible. If not, it is assumed 
multivariate Gaussian, independent of v, and temporally 
uncorrelated with covariance σ2I. Apley and Lee (2003) 
discussed how to accommodate a more general noise 
covariance structure Σw.  
 Many BSS approaches use PCA as the first step. 
Estimates of p and σ2 are taken to be the number of 
dominant eigenvalues and the average of the n− p 
remaining eigenvalues, respectively (see Apley and Lee 
2003 for details). In order to estimate Q, it is more 
convenient to work with the whitened data 
  ,ˆ]σ̂ˆ[ 2/12

ippi xZΙΛy ′−= − i = 1, 2,…, N. (2) 

If, hypothetically, the eigenstructure was estimated 
perfectly, the whitened data y would be a rotated 
version Qv of the sources, plus linearly transformed 
noise (see Apley and Lee 2003). In light of this and the 
assumption that the components of v are independent, 
one strategy is to select Q̂  so that the components of 
the estimated source vector yQv ˆˆ ′=  as independent as 
possible, with cross auto-covariance or higher-order 
cumulants being used to measure independence.   
 Two commonly used criteria are the 
second-order auto-covariance and fourth-order 
cross-cumulants. Belouchrani, et al. (1997) proposed 
taking Q̂  to be the orthogonal matrix U that 

minimizes∑
=

′
T

off
1

, ]ˆ[
τ

τ UΣU y , where off[•] denotes the sum 

of the squares of the off-diagonal elements of a matrix, 
and τ,

ˆ
yΣ  is the lag-τ sample autocovariance matrix of 

the whitened data y. In addition, Cardoso and 
Souloumiac (1993) have shown that minimizing the 
sum of the squares of a certain set of fourth-order 
cross-cumulants of v̂  is equivalent to 

minimizing ∑
≤≤

′

pji

ji,off
,1

]) (ˆ[ UMU . Here, { ) (ˆ ji,M :1≤ i, j ≤ p} 

are a set of p × p matrices constructed from the 
fourth-order sample cumulants of y, defined such that 
the kth row, lth column element of ) (ˆ ji,M  is )(ˆ

,,, ylkjiC , 

where )(ˆ
,,, ylkjiC  is the sample estimate of the 

fourth-order cumulant of the ith, jth, kth, and lth elements 
of a zero-mean vector y (1 ≤ i, j, k, l ≤ p).  
 Although autocovariance and fourth-order 
cumulants are the most common BSS criteria, we will 
also incorporate third-order cumulants in this work. The 
third-order cumulant of the ith, jth, and kth (1 ≤ i, j, k ≤ p) 
elements of a zero-mean vector y is defined as Ci,j,k(y) ≡ 
E[yiyjyk]. Consequently, if one hypothetically used 
third-order cumulants as the only BSS criterion, one 
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could take Q̂  as the minimizer of ∑
≤≤

′

pi

ioff
1

])(ˆ[ UMU , 

where { )(ˆ iM : 1 ≤ i ≤ p} denotes the set of p × p 
third-order cumulant matrices defined such that the jth 
row, kth column element of )(ˆ iM  is )(ˆ

,, ykjiC . 

 In this work, we combine the various BSS 
criteria by taking Q̂  to be the minimizer of  

 ∑
=

′
K

k
kkoff

1

]ˆ[ UAUα  (3) 

over all orthogonal matrices U, where 
α = [α1, α2, ..., αΚ] is a vector of weighting coefficients, 
and { kÂ : 1 ≤ k ≤ K} are the set of autocovariance 
matrices, third-order cumulant matrices, and 
fourth-order cumulant matrices. Hence, K = T + p + p2 
is the total number of matrices to be jointly 
approximately diagonalized. As we will demonstrate in 
Section 5, proper choice of the weights are necessary to 
effectively balance the criteria and avoid placing too 
much weight on criteria that contain little information 
for the data that are being analyzed.  
 Our approach for selecting the weights to 
automatically balance the different criteria is an 
empirical one, based only on information contained in 
the data and involving no assumed models for the 
source distributions. Before we describe our proposed 
approach, we review the approach used by Lee and 
Apley (2004) for selecting the weights. They used an 
error matrix E to represent the error between Q̂  and Q, 
defined via 
 )ˆ EQ(IQ += . (4) 
Adapting a result from Cardoso (1994), Lee and 
Apley (2004) showed that the ith row, jth column 
element of E (1 ≤ i ≠ j ≤ p) can be approximated as 
a function of { kÂ : 1 ≤ k ≤ K}: 

 

∑

∑

=

=

−

′−

≅ K

k
ijk

K

k
jkiijk

ij

kdkd

kdkd

E

1

2

1

})()({

ˆ})()({

 

α

α qAq

, (5) 

where qi denotes the ith column of Q, d(k) (1 ≤ k ≤ K) is 
a p-length vector consisting of the diagonal elements of 
Q′AkQ, and dj(k) denotes the jth element of d(k). 
Because of the difficulty in selecting the weights to 
minimize some direct measure of E, Lee and Apley 
(2004) proposed a simple and intuitive solution as 

2
))()((∑

≠

−∝

ji
ijk kdkdα  (1 ≤ k ≤ K), which can often 

result in undesirable weighting.  

3. SELECTING THE WEIGHTS TO 
MINIMIZE MSE 

 Our approach to select the weighting vector α is 

to minimize an aggregate measure of the mean square 
estimation error, which we define as 

 MSE(α) = ∑∑
= =

−
n

i

p

j
ijij CCE

1 1

2)ˆ( , (6) 

where Cij is the ith row, jth column element of C. The 
MSE is a function of α because Ĉ  depends on Q̂ , 
which depends on the weights chosen in (3). Because 
an exact analytical expression for MSE(α) as a function 
of α is intractable, in this section we present an 
approach to approximate MSE(α). The approach 
utilizes a first-order Taylor approximation of Ĉ  
combined with Markov bootstrap estimation of various 
quantities involved in the approximation. The Taylor 
approximation for MSE(α) is derived in Section 3.1, 
followed by a step-by-step illustration of the entire 
estimation algorithm in Section 3.2, and a brief 
description of the Markov bootstrapping procedure in 
Section 3.3. 

 3.1 A Taylor Expansion of Ĉ  about C 

 In order to derive a first-order Taylor expansion 
of ijĈ  about its true value Cij, as an explicit function α, 

we define 1/2σ̂ˆˆˆ I)Λ(ZF 2−≡ pp . The estimator Ĉ  

becomes )EQ(IFC += ˆˆ . Note that E depends on Q̂ , and 
hence it is a function of the estimated autocovariance 
and cumulant matrices { kÂ : 1 ≤ k ≤ K}, as well as the 
weighting vector α. We seek a first-order Taylor 
expansion of ijĈ  with respect to random quantities F̂  

and { kÂ : 1 ≤ k ≤ K}, evaluated at their true values.  
 In order to simplify the notation and facilitate 
further development, define f ≡ vec(F), where vec 
denotes the vectorization operation of a matrix. 
Similarly, define a ≡ vec(Ak: k = 1, 2, ..., K), except 
omit redundant elements of the symmetric Ak. 
Combining all random quantities into a single vector r 
≡ ]  [ ′′′ af , the Taylor approximation for ijĈ  about the 
true values can be rewritten as: 

 )ˆ()
ˆ

ˆ
(ˆ

 ˆ rr
r rr −′

∂

∂
+≅ =

ij
ijij

C
CC . (7) 

Substituting Eq. (7) into Eq. (6) gives  

 MSE(α) ∑∑
= =

== ∂

∂
′

∂

∂
≅

n

i

p

j

ijij CC

1 1
ˆ ˆ )

ˆ

ˆ
)(ˆcov()

ˆ

ˆ
(   rrrr r

r
r

, (8) 

where cov( r̂ ) denotes the covariance matrix of r̂ . The 
expression for MSE(α) in Eq. (8) involves two 
components: the partial derivative vector rrr  ˆˆ/ˆ

=∂∂ ijC , 
and the covariance matrix cov( r̂ ). Note that Eq. (8) 
depends on the weighting coefficients α only via 

rrr  ˆˆ/ˆ
=∂∂ ijC , expressions for which are straightforward 

to obtain. The remaining task is to estimate or 
approximate the covariance matrix cov( r̂ ).  
 One might consider using asymptotic results to 



 4

approximate cov( r̂ ). However, asymptotic results do 
not usually apply to autocorrelated sources. Because of 
this and other complications, we have found that the 
bootstrapping procedure for estimating )ˆcov(r  that we 
describe in Section 3.3 is more accurate and also quite 
straightforward to implement. 
 The partial derivatives in Eq. (8) are functions of 
the true unknown quantities F, Q, and d(k) (1 ≤ k ≤ K). 
Similarly, cov( r̂ ) depends on certain unknown 
quantities such as the true F. Consequently, in Steps S5 
and S6 of the iterative algorithm described in the next 
section, the estimates of F, Q, and d(k) from the 
previous iteration are substituted for their true values. 

3.2 Summary of Optimally Weighted BSS 
(OWBSS) Algorithm 

 Our optimal weighting algorithm selects α to 
minimize the approximate expression for MSE(α) in Eq. 
(8). In this section, we outline the steps of the algorithm. 
Based on a sample of measurement data {xi, i = 1, 2,…, 
N}, the algorithm estimates C = [c1, c2,…, cp] and {vij, i 
= 1, 2,…, N; j = 1, 2,…, p}, interpretation of which 
provides insight into the spatial and temporal nature of 
the p variation sources.  
Optimally Weighted BSS (OWBSS) Algorithm:  
S1: From the sample data {xi, i = 1, 2,…, N}, 

calculate the sample covariance matrix xΣ̂ ; 

S2: Perform PCA on xΣ̂  to yield p, pẐ , pΛ̂ , 2σ̂ , 
2/12 )ˆˆ(ˆ ˆ IΛZF σ−= pp , and whiten the data via yi 

= )'ˆ()ˆˆ( 2/12
pp ZIΛ −−σ xi, i = 1, 2,…, N; 

S3: Select the maximum lag T and calculate the 
autocovariance matrices { τ,

ˆ
yΣ : 1 ≤ τ ≤ T}, the p 

third-order cumulant matrices { )(ˆ iM : 1 ≤ i ≤ p}, 
and the p2 fourth-order cumulant matrices { ),(ˆ jiM : 
1 ≤ i, j ≤ p}, all of which comprise the matrix set 
{ kÂ : 1 ≤ k ≤ K}; 

S4: Calculate an initial estimate Q̂ as the minimizer 

of ∑
=

′
K

k
koff

1

]ˆ[ UAU  (i.e. with equal weighting). 

This yields initial estimates QI)Λ(ZC ˆσ̂ˆˆˆ 1/22−= pp  

and ii yQv )'ˆ(= , i = 1, 2, …, N, of variation pattern 
vectors and source signals. Take )(ˆ kd  to be 
diagonal elements of QAQ ˆˆ'ˆ

k  for k = 1, 2,…, K; 

S5: Calculate the partial derivatives { rrr  ˆˆ/ˆ
=∂∂ ijC , 1 ≤ i 

≤ n, 1 ≤ j ≤ p} as described in Appendix A, 
substituting the estimates of F, Q, and {d(k): k = 1, 
2,…, K} from the previous iteration of the 
algorithm for their true values; 

S6: Estimate cov( r̂ ) using the Markov Bootstrap 
procedure described in Section 3.3, based on the 
estimates of C and {vi: i = 1, 2, . . ., N} from the 

previous iteration;  
S7: Substitute rrr  ˆˆ/ˆ

=∂∂ ijC  and  cov( r̂ ) into Eq. (8), 
yielding an approximate expression for MSE(α) 
as an explicit function of α.  

S8: Find optimal weight vector α* = )(MSE rgmina α
α

;   

S9: Update Q̂  as the minimizer of ∑
=

′
K

k
kkoff

1

* ]ˆ[ UAUα , 

and then update Ĉ , { iv̂ , i = 1, 2,…, N}, and 
{ )(ˆ kd : k = 1, 2,…, K}; 

S10: Check if Q̂  has converged. If so, terminate the 
algorithm with the current estimates from Step S9. 
Otherwise go to Step S5. 

 We have found that the algorithm usually 
converges in two or three iterations of Steps S5—S10 
using the convergence criterion || Q̂ new − Q̂ old|| < 0.01p, 
where ||·|| is the Frobenius norm of a matrix. In other 
words, we usually arrive at the final optimal weights in 
only one or two iterations of Steps S5—S10.  

3.3 Markov Bootstrap Estimation of )ˆcov(r  

 In this section, we briefly describe a Markov 
Bootstrap procedure for estimating cov( r̂ ) in Step S6 
of the OWBSS algorithm. On each bootstrap replicate, 
one must construct a bootstrapped sample for {xi: i = 1, 
2,…, N}. Instead of directly bootstrapping the 
measurement data x, we bootstrap the estimated 
variation sources v and then construct x via the model 
(1) with w sampled from its assumed multivariate 
normal distribution (zero-mean with covariance 
matrix I2σ̂ , and no temporal autocorrelation).   
 Repeating the bootstrapping a total of B (e.g., B 
= 10,000) times produces the B estimates { br̂ : b = 1, 
2, …, B}. We can then approximate cov( r̂ ) ≈ 

)ˆ()ˆ(
1

1

1

′−−
− ∑

=

rrrr b
B

b

b
B

, where ∑
=

=
B

b

b
B

1

ˆ1 rr , for use in 

Step S6 of the OWBSS algorithm.  
 Bootstrap sampling the estimated variation 
sources is much more robust than bootstrap sampling x, 
because v is of much lower dimension than x, and the 
components of v are assumed statistically independent. 
As a result, each component of v can be bootstrapped 
individually. In addition, because the sources may be 
temporally correlated, we use the Markov bootstrap 
procedure of Paparoditis and Politis (2002) to draw 
bootstrap samples of N values of v from the estimated 
variation sources calculated in Step S9 of the OWBSS 
algorithm. 

 4. A CRANKSHAFT MANUFACTURING 
EXAMPLE  

 In this section, we illustrate the use of the 
algorithm for blindly identifying dimensional variation 



 5

patterns in a crankshaft manufacturing process. Figure 1 
shows the same automotive crankshaft originally 
considered in Apley and Lee (2003), which consists of 
five main bearings (Mains 1-5) and four pin bearings 
(Pins 1-4). The bearing diameters are measured at three 
locations along each main bearing and five locations 
along each pin bearing, indicated by the “●” symbols in 
Figure 1. Therefore, the dimension of the measurement 
vector x on each crankshaft is n = 35. Based on 
measurements of 247 crankshafts, Apley and Lee (2003) 
estimated that there were p = 3 significant variation 
sources present in the sample of data. 

Figure 1. An Automotive Crankshaft Showing the 
Locations of 35 Measured Bearing Diameters 

 
 Figure 2 graphically illustrate the estimated 
pattern vector 1ĉ  using the OWBSS algorithm with T 
= 10. Each element of the pattern vectors is represented 
as an arrow at the location of the corresponding 
diameter measurement. The length of the arrow is 
proportional to the magnitude of the corresponding 
element of the pattern vector, and the direction of the 
arrow represents the sign (pointing out of the crankshaft 
for a positive element and into the crankshaft for a 
negative element). For visual convenience, we omitted 
arrows for elements that were negligibly small in 
magnitude. The first pattern 1ĉ , shown in Figure 2, is 
particularly interesting, because it accounted for 39.3% 
of the total variation.  

Figure 2. Estimate of the First Pattern Vector c1 
 
  
 
 
 
 
 This variation pattern affects only the main 
bearings and represents all bearing diameters across the 
first four Mains increasing or decreasing together 
(because the arrows are all in the same direction) from 
crankshaft to crankshaft. The diameters on Mains 2 and 
3 increase (or decrease) by roughly twice the amount of 
the diameters on Mains 1 and 4 (because the arrows are 
roughly twice as long). After discussing the patterns 
with engineering, the suspected root cause was 
identified as elastic bending of the crankshaft during 
rough-cut machining, due to the large cutting forces 
that are generated. The shaft was supported at both ends 
in chucks, but the middle of the shaft was not prevented 
from flexing under the cutting forces. This example 

illustrates how graphically visualizing the blindly 
identified variation patterns can support the ultimate 
objective of identifying and eliminating major root 
causes of manufacturing variation. 

5. PERFORMANCE COMPARISON  

 In this section, we investigate the performance of 
different schemes for weighting the autocovariance and 
higher-order cumulants, in terms of the accuracy of 
estimating C. We compare all of the approaches using 
the same benchmark simulation example considered in 
Apley and Lee (2003) and Lee and Apley (2004). For 
this set of spatial variation patterns, we considered the 
five different source distribution examples listed in 
Table 1. The distributions in Table 1 were chosen not 
necessarily to represent any particular manufacturing 
process, but to illustrate differences between various 
algorithms and when they can be expected to perform 
well. For the autoregressive moving average (ARMA) 
sources, the Gaussian ARMA(1,1) model is vt − φvt-1 = 
at − θat-1 with at an i.i.d. Gaussian time series. The 
AR(1) model is a special case with θ = 0, and the MA(1) 
model is a special case with φ = 0. Example 5 contains 
two sources that follow skewed distributions, which 
will demonstrate the benefit of including third-order 
cumulants. For all examples, the sample size was N = 
250, and we chose the maximum autocovariance lag to 
be T = 10. 

Table 1. Source Distribution for Five Examples  
Example v1 distribution v2 distribution v3 distribution

1 Gaussian MA(1)
with θ = 1 

Gaussian MA(1) 
with θ = -0.21 

Gaussian 
ARMA(1,1)

 with φ = 
0.95, θ = 

-0.84 

2 Gaussian AR(1)
with φ = 0.9

Gaussian AR(1) 
with φ = -0.9 Gaussian I.I.D

3 Gaussian AR(1)
with φ = 0.9

Gaussian AR(1) 
with φ = -0.7 binary I.I.D.

4 Uniform(-1,1) Uniform(-1,1) binary I.I.D.

5 Chi-Square dist.
with d.f. 4 

Extreme Value dist. 
with mean 0, 

standard deviation 1 
binary I.I.D.

 
 The performance measure, denoted by J, was the 

aggregated squared estimation error ∑∑
= =

−
n

i

p

j
ijij CC

1 1

2)ˆ( , 

averaged over 2000 Monte Carlo simulation replicates .  
 From Table 2, we saw that the OWBSS algorithm 
performed at least as well as, and often much better than, 
any of other algorithms in all five examples. The 
numbers in the parenthesis are the standard error of the 
averaged MSE over 2000 MC replicates. Notice for 
Example 1, it performs substantially better than other 
algorithms. The reason that JADE, JADETD and the 
approach of Lee and Apley (2004) perform poorly in 
Example 1 relates to autocorrelation function of three 

Pin 1 
Pin 2

Pin 3 Pin 4 

Main 1 Main 4 Main 2 Main 3 
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sources. By placing more weight on the lag-1 
autocovariance matrix, the approach of Lee and Apley 
(2004) can achieve slightly better identification of the 
first source, at the expense of much poorer separation of 
the second and third sources. Note overall, the 
performances of all four approaches are better for 
Example 2, 3 4 and 5 than for Example 1, because three 
sources in Example 2, 3 4, and 5 have more distinct 
autocorrelation and/or cumulant functions. Example 5 
was further used to illustrate the benefit of including 
third-order cumulants. The OWBSS algorithm with 
third-order cumulants incorporated showed 30% 
improvement on performance measure J compared to 
the OWBSS algorithm without third-order cumulants.  

Table 2. Performance Measure J for Different Methods  
Example 

# OWBSS JADE Lee and Apley 
(2004) JADETD

1 3.87 
(0.61) 

20.61 
(0.21)  

9.65 
(0.19)  

9.29 
(0.17) 

2 1.13 
(0.028) 

18.35 
(0.22) 

1.35 
(0.043) 

1.25 
(0.03) 

3 0.61 
(0.010) 

7.04 
(0.16) 

0.76 
(0.0304) 

0.70 
(0.02)

4 0.24 
(0.0034) 

0.25 
(0.0032) 

0.26 
(0.005) 

0.25 
(0.0032)

5 1.10 
(0.034)  

1.60 
(0.05) 

1.94 
(0.07) 

1.60 
(0.0535)

6. CONCLUSIONS 

 Various different BSS criteria, including 
autocovariance and higher-order cumulants, may all 
contain useful information that can aid in blindly 
identifying the spatial and temporal characteristics of 
manufacturing variation patterns. We have presented an 
approach for optimally combining the different criteria 
in order to minimize an aggregate measure of the mean 
square error in estimating the variation pattern vectors. 
The simulation examples demonstrate that the OWBSS 
algorithm effectively balances weight among the 
various BSS criteria, depending on what information 
the data indicate is useful for separating the sources. In 
terms of overall estimation accuracy across the variety 
of examples considered, the OWBSS algorithm 
compares favorably to existing algorithms, and its 
performance is relatively robust to different types of 
variation sources that one might encounter in 
manufacturing. Consequently, the OWBSS algorithm is 
easy for a practitioner to use, in the sense that one does 
not need to tune the algorithm to optimize its 
effectiveness for the data set at hand. The only 
parameter that must be chosen is the maximum 
autocovariance lag T. For this, we recommend choosing 
a relatively large T (e.g., 10—20) with the expectation 
that the OWBSS algorithm will place little weight on 
high-lag autocovariances if they appear to contain little 
useful information.  
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